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Abstract 

We study infinitely many commuting operators Tb{z), which we call infinite transfer 
matrix of boundary Uq,p{Aj^_^) face model. We diagonalize the infinite transfer matrix 
k> , Tb(z) by using free field realizations of the vertex operators of the elliptic quantum group 



'-^q,p{Aj\[-l)- 



1 Introduction 

There have been many developments in the field of exactly solvable models. Various models 
were found to be exactly solvable and various methods were invented to solve these models 
[1, 2, 3, 4, 5, 6]. The vertex operator approach [6, 7] provides a powerful method to study exactly 
solvable lattice models. This paper is devoted to boundary problem of the vertex operator 
approach to exactly solvable lattice model. 



Solvability of lattice models was understood by means of the method of commuting transfer 
matrix. Two-dimensional solvable lattice models can be related to one-dimensional solvable 
Hamiltonians of one-dimensional quantum mechanics. The transfer matrix of two-dimensional 
lattice model is a generating function of these Hamiltonians. The commuting transfer matrix 
methods are classified to four ways of doing this : (A) Clifford algebras and fermion operators 
[1], (B) Bethe ansatz and quantum inverse scatting methods [3, 4], (C) Finite-lattice matrix 
functional relations (Baxter's T-Q relations) [2], and (D) Vertex operator approach [6]. The first 
three methods (A), (B), (C) work for finite systems. Meanwhile, the vertex operator approach 
(D) works only for infinite systems. In infinite systems, the transfer matrix is written by using 
vertex operators, this can be related to the corner transfer matrix method [2]. The corner transfer 
matrix method suggested a link between solvable lattice models and representation theory of 
infinite algebra. The vertex operator approach arose from interplay between exactly solvable 
lattice models and representation theory of infinite algebra. The vertex operator approach (D) 
is completely different from the first three methods (A), (B), (C). The first paper on boundary 
problem of the vertex operator approach, is devoted to the XXZ spin chain [12], in which vertex 
operators act on the highest weight representation of the quantum affine group Uq{A\ ). In 
[12] the authors diagonalize infinitely many commuting transfer matrices Tb{z), using free field 
realizations of the vertex operators. There have been two generalizations of this theory [12]. 
The Uq{Aj^_-^) analogue of XXZ spin chain, which give higher rank generalization of [12], was 
studied in [14]. The boundary ABF model, which give elliptic deformation of [12], was studied 
in [13]. The boundary ABF is related to the elliptic quantum group Uq^p{A\ ). This paper is 
devoted to a generalization of the above papers [12, 13, 14]. 

Exactly solvable lattice model with open boundary is defined by both Boltzmann weight func- 
tions and boundary Boltzmann weight functions, which satisfy Yang-Baxter equation and bound- 
ary Yang-Baxter equation [8] respectively. In this paper we are going to study the Uq^p{sl]\f) 
face model defined by elliptic solution of Yang-Baxter equation [10] and boundary Yang-Baxter 
equation [15], associated with the elliptic quantum group f/g,p(s/jv) [20, 21]. We are going to 
study the infinite transfer matrix Tb{z) associated with the boundary Uq^p{A}~^_-^) face model. 
The boundary Uq^p{A^__-^) face model gives a generalization of both the Uq{A^_-^) analogue of 
XXZ spin chain [14], and the boundary ABF model [13]. In this paper we diagonalize infinitely 
many commuting transfer matrices Tb{z) acting on the bosonic Fock space, in which the free 
field realization of the elliptic quantum group Uq^p{Aj^_^) is constructed. We construct free 
field realization of the boundary state |/c)b, which satisfies TB{z)\k) b = |fc)_B, by using free 
field realizations of the vertex operators [17]. Multiplying the type-II vertex operators [19], we 



diagonalize infinitely many commuting transfer matrices Tb{z). We give complete proof of the 
eigenvalue problem Tb(z)|A;)s = |/c)b, this was only conjectured for Uq^p{A2 ) case [22], by 
using identities of the elliptic theta functions. We calculate the norm B{k\k)B by using the 
coherent state. We discuss physical and graphical interpretation of the boundary state |/c)b for 
the boundary Uq^p{Aj^_^) face model. 

The plan of the paper is as follows. In section 2 we prepare the Boltzmann weight function, 
the boundary Boltzmann weight function, and the vertex operators. We introduce infinite 
transfer matrix of the boundary Uq^p{Aj^_-^) face model, and formulate the problem. In section 
3 we prepare the free field realization of the vertex operators. Section 4 is main part of this 
paper. In section 4, we construct the free field realization of the boundary state \k)B- Multiplying 
the type-II vertex operators we diagonalize the infinite transfer matrix Tb{z) of the boundary 
Uq^p{Aj^_^) face model. In section 5, we calculate the norm B{k\k)B by using coherent state. 
In appendix we consider physical meaning of our problem. We discuss the relation between our 
diagonalization problem and the boundary Uq^p{Aj^_-i) face model. 



2 Infinite transfer matrix 

In this section we introduce infinitely many commuting operators Tb{z), which we call infinite 
transfer matrix of boundary Uq^p{Aj^_j) face model. 

2.1 Notation 

We prepare some notations. Let us set integer N = 2, 3, • • •. We assume that < a; < 1 and 

r > iV + 2 (r G Z). We use parameterizations z, u and r. 



We set the elliptic theta function [u] by 



2 

[n] =x'^-"e^2.(x2"), Qq{z) = {q,q)ooiz;q)ooiq/z;q)oo- (2.1) 



Here we have used 



{z;quq2,---,qm)oo = H C^-qhi' ■■■qtz)- (2.2) 

jl,J2,---,jm=0 



The elliptic theta function [u] satisfies the following quasi-periodicities. 



[u + r] = -[u\, [n + rr] = -e"''*^"^^. 



Let e^(l < fi < N) be the orthonormal basis of M. with the inner product (e^jejy) = (J^,;y 



1 v^Af 



N 



Let us set e^ = e^ — e where e = jj- "^^=1 ^v Note that '}2ii=i ^m ~ ^- ^^^ ctfj, (1 < fi < N — 1 
the simple root : 



t^fi — Cfj. — e^+i- 



(2.3) 



Let uj^ {1 < fi < N — 1) he the fundamental weights, which satisfy 



ia^\oj^) = 6^,^, il<fi,iy<N-l). (2.4) 

Explicitly we set co^ = Ylu=i ^t^- '^^^ type ^at-i weight lattice is the linear span of e^ or w^. 



7V-1 



Af-1 



P=Y^'Le^=Y^ T^^i^- 



/.=! 



M=i 



For a £ P we set a^ and a^^u by 

a^,!^ = a^ ~ «i" O/i = (a + zcle^)' (/W,J^G-P)- 
Here we set /? = J2n=i ^t^- Let us set the restricted path P^_i^ by 

N-l 7V-1 

^^+ TV = {« = 2^ c^^M e ^Ic/. G Z, c^ > 0, ^ c^ < r - iV}. 

For a G P^-n^ condition < a^^y < r, {l<fi<i'<N — I) holds. 



(2.5) 



(2.6) 



(2.7) 



2.2 Yang- Baxter equation 

We recall elliptic solutions of the Yang-Baxter equation of face type. An ordered pair (6, a) € P^ 
is called admissible if and only if there exists ^ (1 < /U < N) such that 



b- a = e^. 



An ordered set of four weights (a, 6, c, d) £ P^ is called an admissible configuration around a 
face if and only if the ordered pairs (6, a), (c, 6), {d,a) and (c, d) are admissible. Let us set the 
Boltzmann weight functions of the face model [10], 



W 



c d 
b a 



u 



associated with admissible configuration {a,b,c,d) G P^. For a G P^^n, we set 



W 



a + e^ a 



u = R{u), 



(2.8) 



w 



w 



a + e^j_ + ey a + e^ 
a + ey a 

a + ef_, + eu a + e^ 
a + li, a 
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1 




u 
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[u - 1] [a^^„] 



(2.9) 
(2.10) 



The normalizing function R{u) is given by 
R{u) 



r-i N-1 ip(z ^) (x'^z;x'^'^,x'^^)oo{x 

Z r N r^, ^[Z) = 



2r+2N-2^. ^2r ^2N\ 



(2.11) 



ip{z) ' ^^"^ (x2'-z;x2^x2^)oo(x2^2;x2'-,x2^)oo 

Because < a^^,y <r(l<fi<h'<N — 1) holds for a G P^-^-, the Boltzmann weight functions 
are well defined. 

The Boltzmann weight functions satisfy the following relations (1), (2), (3) and (4). [10, 11] 




ui W 



ui W 




U2 W 



U2 W 



e / 

g a 

d g 

c b 



Ui - U2 



Ui - U2 



(2) The first inversion relation : 



Y^w 



c g 

b a 



u W 



c d 



9 a 



u 



'Jb4- 



(3) The second inversion relation : 

9 h 



Y.G9W 



d c 



N-u W 



9 d 
b a 






where we have set Ga = ni<j<fc<Af[«i,fc]- 
(4) Initial conditions : 



W 



9 b 
d c 







'JbA- 



(2.12) 



(2.13) 



(2.14) 



(2.15) 



The normalization function R{u) (2.11) is chosen to satisfy conditions (2.13), (2.14) and (2.15). 
Upon this normalization R{u), the corner transfer matrix method works well, and the maximum 
eigenvalue of the corner transfer matrix becomes 1. 



2.3 Boundary Yang-Baxter equation 



An order set of three weights (a, b, g) G P^ is called an admissible configuration at a boundary if 
and only if the ordered pairs [g, a) and {g, b) are admissible. Let us set the boundary Boltzmann 



weight functions K 
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\ b 


1 



for admissible weights (o, 6, g) by 



K 



a + e. 



V 



a 


\ 




u 


b 


/ 



L^E^-lg^ h{z) [c-n][ai,^ + c + K] 

Z r N r i-^ —- -^g^^,. 



h{z ^) [c + u][ai^^ + c - u] 



(2.16) 



In this paper, we consider the case that continuous parameter < c < 1. In what follows we 
need the case for a G P^^^n- The normalizing function h{z) is given by 

/™2r+27V-2/^2. ™2r „47V\ ( ^2N +2 / ^2 . ^2r ^4N\ 



h{z) 



(^2r U2. rr2r ^4A^A (^AN U2. ^2r ^AN\ 
y^ jK. ,0/ ,0/ jooy*^ j^ 5^ 5^ joo 

(^2iV+2c/^. ^2r^ ^2iV)^(^2r-2c/^. ^2r^ ^2iV)^ 



(x 

N 

n 

i=2 



27V+2r-2c-2 /~. ^2r ^2N 



/y.^2r ^2N\ (^2c+2 /-.. ^2r ^2N\ 



(x 



2r+2Af-2c-2ai ,■ /^. ^2r ^2N 



^/z-x'',x'''U{x"'+^''^'^/z-x'\x''') 



(r^2r+2N-2c-2ax^j-2j^.y.2r x'^^) (x'^'^+'^+'^'^i-j/z-x'^^ x'^^) 



(2.17) 



The boundary Boltzmann weight functions and the Boltzmann weight functions satisfy the 
following relations. 
(1) Boundary Yang-Baxter equation : 



f,9 



f,9 
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u + V \ K 



u + V \ K 
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\ 
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{2.U 



(2) Boundary unitary condition : 
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\ 
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(2.19) 



(3) Initial conditions : 
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Sa,l 



(2.20) 



Here we comment on the normalization h{z). The boundary Boltzmann weight functions asso- 
ciated with A\ , B^ , 
like following [15]. 



C]y , -DJy , yljY satisfy the boundary crossing relations (except A^L^^) 



E(| 
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a g 
b c 



2u + X\ K 
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\ 
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(2.211 



In paper on Uq^p{Al )-face model [13], the authors choose the normalization h{z) of boundary 
Boltzmann weights, from the equations (2.19), (2.20) and (2.21). This normalization makes the 
maximum eigenvalue of the boundary state \k)B becomes 1 [13]. However there does not exist 
boundary crossing symmetry for higher-rank case yl]Y>2- It is nontrivial to find the normalization 
function h{z) for higher-rank case yl]Y>2- ^^ this paper the author choose the normalization 
function h(z) such that there exists the boundary state \k)B whose eigenvalue is 1, without 
using the boundary crossing relations (2.21). 

2.4 Vertex operator 

In this section we introduce the vertex operator <I)(°'")(z) for the Uq^p{Aj^_-^^) face model in the 
Regime HI. In appendix, we explain the physical interpretation of the vertex operators $("'") (2;) 
for the elliptic quantum group Uq^p{Ajy_-^). In this section we treat them symbolically. In what 
follows we consider the so-called Regime HI : < ii < 1 [9, 10, 16]. The vertex operator ^(^^°-)(^z) 
and the dual vertex operator <I)*("'^)(2;) of admissible pair {b,a) G P^, for the Uq^p{Aj^_j^) face 
model, are the operators which satisfy the following functional relations (1) and (2), (resp. (1) 
and (2')). 
(1) Commutation relation : 



a 

$*("'^)(Z1)$*(^'^)(Z2) = ^W 




U2-ui\ $("'^)(z2)$(^''=)(^i), (2.22) 

U2-uA $*("'3)(z2)^*^^'')(^i), (2.23) 



$('^'^)(Z1)$*(^'^)(Z2) = Y.^ 



9 c 
a h 



m - U2 $*("'^)(z2)^^^'^^(2i). (2.24) 



(2) Inversion relation : 



$(M(^)$*(9,fe)(^)=<5^^^. 



(2.25) 



(2') Inversion relation : 



Y^^<-^9)[z)^i9Mi^^) = Sa,b. 



(2.26) 



We have used parameterization z = x^". The relations (1) and (2) is equivalent with the relations 
(1) and (2'). In this section we don't mention the space which these operators act. There exist 
the operators which satisfy the functional relations (1) and (2) (resp. (1) and (2')). The free 
field realization of the vertex operators cj)(^.<^)(2;) and <!>*("'*) (z) are given in [17]. In this paper 
we treat the problem in the Fock space J-i^k^ which are introduced in [17]. We review free field 
realization of vertex operators in the next section. 



2.5 Boundary transfer matrix 



i(i) 



We define the infinite transfer matrix Tb{z) of the boundary Uq^p{Aj^_^ face model, by using 
the vertex operators. 



N 



( 



Tb{z) = ^$*('^''*+^"M)(z-i)i^ 



a + e 



fj- 



V 
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\ 




u 


a 


/ 



(j){a+ep,a)/ 



(2.27) 



Later, in appendix, we explain physical and graphical interpretation of the infinite transfer 
matrix Tb{z). 

Proposition 2.1 The infinite transfer matrix Tb{z) commute with each other. 

[Tb(zi),Tb(^2)]=0. (2.28) 



Proof. Let's start from the product Tb{zi)Tb{z2) 



Y^ $*(«.9i)(^-l)$(9i-«)(^l)$*K92)(^-l)$(92,a)(^2)^ 
91.92 



/ a 
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91 


Ul 
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92 


U2 
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/ 



Exchange the ordering of ^^^'^'"■\zi)^*^'^'^'-^\z2 ^)^^^^''^\z2) by using the commutation relations 
of vertex operators (2.22), (2.23) , and use the boundary Yang-Baxter equation (2.18). We have 



y^ $*(«.9i)(2;-l)$*(9i.93) (^-1)^(93,94) (^2)$(^4,a)( 



Zl 



91,92,93,94 



X W 



93 54 

92 a 



U2 + Ul \ W 



93 92 
91 a 



U2- Ul \ K 



( " 


\ 




( " 


\ 


9i 


Ul 


K 


92 


U2 


\ « 


) 




\ « 


/ 



Exchanging the ordering of the vertex operators ^*^"-'9i) (^z-^ ^)^*^^'^'3'-^\z2 ^)^^^''^'^*\z2) by using 

(2.23), (2.24), we get Tb{z2)Tb{zi). 

Q.E.D. 

2.6 Boundary state 

The commutativity of the transfer matrix [Tb{zi),Tb{z2)] = ensues that, if the transfer 
matrices Tb{z) are diagonahzable, the transfer matrices Tb{z) are diagonahzed by the basis 
which is independent of the spectral parameter z. 

Definition 2.2 We call eigenvector \k)B with eigenvalue 1 the boundary state. 



TB{z)\k) 



B 



(2.29) 



In this paper we construct the free field realization of the boundary state \k)B- The con- 
struction of the boundary state 1^)^ is main result of this paper. 



2.7 Type-II vertex operator 

In this section we introduce the type-II vertex operator '^*''^^°') (^z) for the Uq^p{A^^[_^) face model, 
which we use for diagonalization of the transfer matrix Tb{z). For this purpose we prepare some 
functions. Let us set r* = r — 1. Let us set the elliptic theta function [u]* by 



Let us set the Boltzmann weight functions 



W* 



^e,...(x-) 



(2.30) 



a b 
c d 



u 



for admissible configuration {a,b,c,d) G P'^. For a G P^_i_]^, we set 



W* 



W* 



W* 



a + e^ a 



u =R*{u), 



a + e^ + ej. a + e^ 
a + €1, a 

a + e^ + Cj, a + Cj. 



a + Cp 



a 



u\ =R*{u) 
u] =R*{u) 



M* 


K,. - 1]* 


[u- 


-1]1«M,.]*' 


[u- 


-a,,unn* 



[u-l]*[a 



(2.31) 
(2.32) 
(2.33) 



IJ.,U\ 



The function R*{u) is given by 
i?*(u) 



_^iv^(p*(z ^) 

Z r* AT \ / , (^9(2; 






The Boltzmann weight function W* 



ip*{z) ' ^ '~' (x2'-z;x2'-*,x2^)oo(x2^-2z;x2^*,x2^)c 

a b 



(2.34) 



c d 



n I satisfies (1) the Yang-Baxter equation, (2) the 



first inversion relation, (3) the second inversion relation, and (4) initial condition, like (2.12), 
(2.13), (2.14) and (2.15). 

The type-II vertex operator ^j*^^'"-> (^z) of admissible pair (6, a) G P^, for the Uq^p{A}^_-^) face 
model, are the operators which satisfy the following functional relations (1) and (2). 
(1) Commutation relation : 



^*M)(^^)^*(M(^2) = -^W* 



a g 
b c 



ni - n2 **('^'3)(z2)^*(^''=)(zi), . (2.35) 



(2) Commutation relation with vertex operator: 

$*M)(^^)^*(M(^2) = X(^l/^2)^*^''''^(^2)^*^''''^(^l). 

where we have set 



X{z) = z N 



^_l (_^2JV-l^-1.^2JV)^(_^^.^2iV)^ 



The free field realization of the type-II vertex operators \I/*'"'")(^) are given in [19]. 
Definition 2.3 We set the vectors |6,6r-- ,^M)f,uf^2,-,i^M (1 ^ )Ui,/U2, • • • , Mm^V) 



(2.36) 

(2.37) 

(2.38) 



16)6)- •• ,Cm] 



M1iM2,---,Mm 



(2.39) 



= ^*(f'+fMl+fM2+-+^MM'''+'=M2+-+^MM)(^^) . . . ^*(*+^^M-l+'=MM'''+^MM)(^j^^_-^)^*(b+^MAf ''')(^j^^)|A;)5. 

VFe ca// the vectors \S,i,$.2,' ' ' ,S,M)ni,^i2,---,fj.M ^^^ excitation of the boundary state \k)B- 



10 



Proposition 2.4 The excitations |'^i,C2) • " " )'^m)^i,^2,---.mm ^^^ eigenvectors of the transfer 

matrix Tb{z). 

M 

TBiz)\S,i,^2,- ■ ■ ,^M)^^u^^2,■■■,^^M = '[lxiS.j/z)xi'i^/^jz) |6,6, • • • ,Cm)mi,M2,-,ma^- (2-40) 



3 Free field realization 

In this section we give free field realization of the vertex operators <J)(^''*)(z) and the type-II 
vertex operators ^*' '^^(z). 



3.1 Boson 

We set the bosonic oscillators /3^, {i = 1 , 2, ■ ■ ■ , N — 1; m ^ 7^) by 

[(r - l)m]^ [{N - l)m] 



[Pm ' PnJ 



m- 



\rm\ 



[NmL 



-mx 



5m+nfi ij = k) 



Nm s,nU-k) [ir - l)m]. H. ^^^^^^ ^^._,^^_ 



(3.1) 



[rm]x [Nm]x 

Here the symbol [a]x = ^^.Z^-i ■ Let us set /3^ by Ylj=i x~'^^"^f3m = 0. The above commutation 
relations are valid for all I < j,k < N. We also introduce the zero- mode operators Pa,Qa, 
(q G P) by 



[iPa,Qp] = ia\P), ia,^GP). 



(3.2) 



In what follows we deal with the bosonic Fock space J-^k, generated by /S-L^nim > 0) over the 
vacuum vector \l,k), where 



I = b + p, k = a + p, 
for a G -Pj^jv ^^d ^ ^ ^r'^^i-AT- 

J'i,k = C[{/3ii,/3i2, • • •},=i,.,iv-i]|/, k), 
where 



(3.3) 



(3.4) 



/3^|/,/c)=0, (m>0), 
Pa\l,k)= { a J^-rl 



r — 1 



r — 1 



k ]\l,k), 



(3.5) 



\l, k) = e 



h-\/ ^-Z—Qk 



0,0). 
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3.2 Vertex operator 

We give a free field realization of the vertex operators $("'") (2) [17], associated with the elliptic 
algebra Uq^p{Aj^'_-^) [20, 21]. Let us set basic operators P_(z), (5_(z), R-'_{z),S-'_{z), {I < j < 
N-l)hy 

P-i^) = E-/5-™^"' (3.6) 

^-^ m 

m>0 

Q_(z) = -^l/3^z— , (3.7) 

m>0 

^-(^) = -E;^(/^---/5"™)^'"^"', (3.8) 

m>0 

s-{^) = E-(/^^-/5ii^^')^"'"^""- (3-9) 

'i — * m 



772 
m>0 



Let us set the basic operators U{z),Fa^ (z), (1 < i < iV — 1) on the Fock space Fi^k- 



r^lN-l _,-./r^Q^. _ /I_lp, p_(,) Q_(,) 



U{z) = z— T^e~'V— "^'^iz-V— "^"le^-^^^e'^-^^^ (3.10) 

F,,(z) = z^e^^«".^A/^^'^^e«-(^)e^-(^). (3.11) 



In what follows we set 



T^ti = ^Jr(r - l)Pe^, vr^.i. = vr^ - vr^. (3.12) 



Then vr^^ acts on J-)^^ as an integer (e^ — ei,\rl — [r — 1)A;). We give the free field realization of 
the vertex operators <I)('=+'=m.^)(2;), (1 < /m < A^ — 1) by 



$(^+^--'=)(z-i) = ^...^]J^f^(^o)i^"i(^i)^-2(^2)---F,,_,(^M-i) 



X 



M-1 r I 1 

[tij — tij-_i + 2 — TT 



n ^ \" ^~\" ^_",7'"^ (3.13) 



^=1 l^ij - uj-1 



Here we set Zj = x^"^ . We take the integration contour to be simple closed curve that encircles 
Zj = 0,xi+2''*Zj_i, (s G N) but not Zj = x-'^~^'''zj^i, (s G N) for 1 < j < ^- 1. The $('=+^"m''=)(z) 
is an operator such that <I)('^+'^m'«^)(2) : J=]^^ — > Fi^k+e^- The vertex operators $(''''*) (2;) satisfy the 
commutation relation (2.22). The free field realization of the dual vertex operator <!)*('*'") (z) is 
given by similar way [17]. In this paper we omit the free field realization of the dual vertex 
operator <l>*''*'^(z), because we don't use the explicit formulae of the dual vertex operators in 
this paper. We only use the inversion relation <^'y"-'9> {^z)<^*^^' ' {z) = 5a,b, (2.25). 
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3.3 Type-II Vertex operator 

In this section we give the free field reahzation of the type-II vertex operators \I/*("'")(z) [19], 
associated with the elhptic algebra Uq^p{Aj^_-^). Let us set P^{z),Q'^{z), R-!^{z) , S-!^{z) , (1 < 
i < A^ - 1) by 

nw = -E4?V/5i„^"' (3.14) 

^-^ 7n\r*m\r 

^-^ m\r*m\x 
m>o ^ -' 

Riiz) = j; J!:!!^(/3i„-/3iti)x^-z™, (3.16) 

^-^ m\r*m\r 

Siiz) = -J] J!:!!^(/3^-/3^+i)x-^™z-™. (3.17) 

^-^ m\r*m\r 

Let us set the basic operators V{z),Eaj{z) acting on the Fock space Ti^k- 

V*{z) = z2^^e'V^^'^zV^^'^e^+^'^e'^+^'\ (3.18) 

Ea^{z) = z7-e~^\^^"^z~\^^"^e^+(^)e^+(^). (3.19) 

We give a free field realization of the type-II vertex operators \I'*('+'^m'')(2) for 1 < fi < N — 1. 

,j*('+^-i,0(_^-i) = v*{zo), 

7 = 1 •' 



3 

X 

3 



llj_l 2 + ^i,/i 



n ^"^ " "^-^ " ^ ^/'^'"^ . (3.20) 



The integration should be carried out in the order Zfj,-i,- ■ ■ ,Z2,zi along the contour for Zj- 
integration which encircles Zj = x~^^^^''*Zj_i,(s = 0, 1,2,---), but Zj = x^~^*''*2;j_i, (s = 
0, 1, 2, • • •). The operator \I'*('+^m.O(^) ig an operator such that \^*(^+^t^''-\z) : J]^fc -> J^i+i^,k- 

4 Boundary state 

In this section we give a free field realization of the boundary state \k)B in the bosonic Fock 
space I'k,k, 

TB{z)\k)B = \k)B. 

In this paper, we consider the case / = A;, which represents the ground state of the boundary 
Uq^p{Aj^_^ face model. In the appendix, we explain the physical meaning of {l,k). The label 
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k represents the condition at the origin and the label I represents the asymptotic boundary 
condition at oo. The condition I = k ^ ^r^i~N represents the ground state for < c < 1 in the 
Regime III. i.e., the case < n < 1. 

Using the inversion relation of the vertex operator <I)("'9) (^)<J)*(S'^) (^) = S^^bj we have the following 
proposition. 

Proposition 4.1 The relation (2.29) is equivalent to the following relation. 



( 



K 



k + e. 



V 



k 


\ 




u 


k 


J 



^^''+^^'''\z)\k)B = $(^+^"^''^Hz-^)|A;) 



B- 



(4.1) 



In what follows we will show the relation (4.1). 



4.1 Main result 

In this section we explain the main result of this paper. The commutation relation of bosons (3m 
is not symmetric. It is convenient to introduce new generators of bosons ain, whose commutation 
relation is symmetric. Let us set o4n {rn £ Z^q! 1 ^ J < -^ — 1) by 



^-^m *^ \r^m frn ) ' 



(4.2) 



They satisfy the following commutation relations. 

fci _ [('^ - ^)fn\x [^j.fcm]. 



\rm\ 



\m\ 



3m+?i,0) 



where A^^]^ is a matrix element of the Cartan matrix of A^v-i type. 

/ 2 -1 \ 

-12-10 ••• 
0-12-10 ••• 



(^., 



k)\<j,k<N-\ 



••• 0-12-1 
\ -1 2 

Let us set Ij^k{^ (in G ^7^0; 1 < J, ^ < -^ — 1) by 

[jm]^[(Af- fc)m]. 



Ij,k{^) 



[m]x[Nm]x 



Ik,j{m) {l<j<k<N-l). 



(4.3) 



(4.4) 



(4.5) 
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The matrix {Ij^k{''T^))i<j,k<N-i gives the inverse matrix of ' ^' 



\rn\x 



Let us set 



l<j,k<N-l 



, X m even, 
[a]+ = x" + x-", e^ix) = { (4.6) 

m odd. 

Theorem 4.2 The free field realization of the boundary state \k)B is given by 

\k)B = e^\k,k). (4.7) 

This bosonic vector satisfies 

TB{z)\k)B = \k)B. (4.8) 

Here we have set 

N-lN-l r . N~l 

^ = -^ E E E - rr n 1 kkin^h^raa'-rn+Y. E -Dd^)f^'-m, (4-9) 

2 ^-^ ^-^ ^-^ m \{r — l)m\r ^-^ ^-^ m 

m.>0 j=l fc=l '-^ ' J m>0 j=l 

where we have set 

( [{N- j)m/2], [rm/2]+x ''^''"'^'"' \ 

^^ ^ = -'-1^ [(r - l)m/2]. ) 

a;(i-i)m[(_r + 2ttij + 2c-j + 2)m]^ 
[(r - l)m]x 

^ ^(2i-JV)m[(^ _ 2^^^^ -2c + N- l)ml 
[(r - l)m]a; 



Theorem 4.3 T/ie /ree /leZd realization of the boundary state B{k\ is given by 

B{k\ = {k,k\e^. (4.11) 

This bosonic vector satisfies 

B{k\TB{z)= B{k\. (4.12) 

Here we have set the bosonic operator G by 

G = -^EEE^ .. ^"7- , /,,.(mXa^+ ^ ^ -E,{m)(^L, (4.13) 

TO>0 j=l fc=l ^^ ^ J m>0 j=l 
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where we have set 



, [{N-j)m/2Urm/2]+x 2 



'm 



y [{r - l)m/2], j 

(N+i-3)m^{^r -2c + N -j - 2TTij)m]^ 



[{r — l)m], 

^{r~2c+2N~2j)m ( ^■~} 

[{r — l)m]. 



[mj^x^— -^^'" ( ^ ^„2™.,,, 



[(r - l)m], • ^ • ^ 

We construct diagonalization of the transfer matrix Tb{z) on the subspace of J-k,k-, which is 
spanned by the excitations |^i • • • Cm)/^i---/^m- See proposition 2.4. This subspace is expected to 
become the physical space of the boundary Uq^p{A\^_^) face model explained in appendix. 

4.2 Proof 

In this section we give a proof of theorem 4.2. At first we prepare some propositions, which are 
derived by direct calculations. 

Proposition 4.4 The adjoint action of e has the effect of a Bogoliubov transformation. 



[(r l)"^]^.(3,(-i+i)m^^.(^) _ ^{-i-i)™£)^.^^(j„)), (m > 0; 1 < i < iV - 2), 



\rm\ 



X 






-F N-1 F _ N 



[(r-l)m]^ r_i ^-Wm 



+ iL— ^([(AT _ l)r«],Z?i(m) - H.x-^- j; Z),(m)). (4.17) 



Proposition 4.5 The adjoint action of e has the effect of a Bogoliubov transformation. 

e«ai„e-« = ai„ - x^^^a^ (4.18) 

^ [(r-l)m]^ ^^(^.„i)^^^^^^ _ ^(i+i)m^^._^^(^))^ (m > 0; 1 < i < iV - 2), 



rm 



x 



"" ™ "" irm 



2Nn.^N-l^ [ir l)^]^ ^(^-2)>n^^_^(^)^ (^>o), (4.19) 

l)m]a;[m]^x' 






^GoN -G _ oN oN [(r - l)m]a;[m]a;X ^ 

e /J_^e - 0_^ -0^ 2^ hj{m). (4.20) 



i=i 
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Proposition 4.6 The actions of the basic operators on the boundary state are given by 

e«-(^)|fc)B = h{z)e^-^^/'^\k)B, (4.21) 

e^-(-)|fe)B = ff,-He^-(i/-)|fe)^^ (1<J<A^-1). (4.22) 



Here we have set 
h{z) 



^^2r/^2.^2r ™4A''\ /™4iV /~2. ™2r ^iN\ 
('„2Af+2c/^.^2r ^2N\ I Jlr-2c I ^. J2r JIN \ 



C2,2Af+2r-2c-2 /^. ^2r x'^^'\ (x^^+S Z^- x^** X^^) 



oo 



fr (x2^+2A^-2^-2-i.Vz;x^-,x^^)oo(x^-+^-^.Vz;x^-,x^^)oo 

li ('2.2r+2Af-2c-27ri,j-2 /^.^2r ^2Ar\ /•^2c+2+27ri,j /^. ^2r 3,2Af'\ ' \^-'^^) 



i=2 

_ „ -2^ 

(-^2r-27ri,,^-2c-2+j/^. ^2r)^(-^2c+27ri,j+i-j/y^. 3,2r) 



(- 27rij+2c+2-i / 2r\ / -27rij+i+2r-2c+i / 2r\ 



Proposition 4.7 T/ie actions of the basic operators on the dual boundary state are given by 

B(fc|e^-(^/^") = /i*(z) B(A:|e«-(i/^"^), (4.25) 

B(fe|e^-(-/^^) = n*(t/;) B(A:|e^-(^/"''"'), (1 < j < iV - 1). (4.26) 



Here we have set 

h*{z) 



/'™2r+2Af-2^2. „2r „4N\ („2N+2^2. ^2r „4 



/'^2r^2.^2r ^4A''\ |^^4A^^2.^2r ^4:N\ 
^^2Af+2c+27ri « ^. ^2r „2AfN /„2r-2c-27ri « ^. „2r „2Af' 



oo 



/'™2Af+2r-2c-2-27ri jv r- 'r2r ^2Ar\ ('„2c+2+27ri jv r- 'T-2r ^2Af^ 
V-^ ' ^, X ,x yooV'*' ' ^5 X , J. ^oo 

^-1 /™2r+2Af-2c-27ri , ^. „2r ^2Af\ I J2c^2txx,j ^. J2r J2N \ 
TT l-^ ■■'Z,X ,X Joot^X ■'Z,X ,X Joo 

ii ('™2r+2Af-2c-27ri ,-2^. „2r ^,2Af^ f^2c+2+27ri , ^. ^2r ^2A^^ ' l^-'^'J 

/™2c+2-Af+j+27ri ,+i„,,. J2r\ ( ^2r-2c+N-j-2nij„.,. „2r\ 
9j{W) - U W^ J^^2r-2c-2+iV-j-2.i,,+iy^.3.2r)^(^2c-iV+i+2^l,,^.3,2r)^- ^^'^^^ 



In order to write proof compactly, we introduce "weak equality" in the following sense. 
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Definition 4.8 When functions F{zi, Z2,- ■ ■ , zl) and G{zi, Z2,- ■ ■ , zl) satisfy 

^ ••• Y. F{zl\zl\...,zl^)= Y. ••• Y. G{z\\zl\...,zl% (4.29) 

we write 

F{zi,Z2,--- ,zl) ^ , G{zi,Z2,--- ,zl) (4.30) 

showing the weak equality. 
We note that the meanings of weak equahty, 



and weak equahty, 



F{zi,Z2,--- ,zl) ~, , G{zi,Z2,--- ,zl) 



F{zi,Z2,--- ,zl) ^, , G{zi,Z2,---,zl) 



are different. We prepare propositions in terms of weakly equahty. 
Proposition 4.9 The function gj{w), {I < j < N — 1) satisfy the following. 

gj{w)we^2r{x^^+^''''^~^+^w)Q^2r{x^^+'^''''^+^-^ /w) ^ ^ 0. (4.31) 

Proposition 4.10 The following theta identity holds. 

X (zQ,^2r {X^yz)e,^2r (x^'^ + ^^z) 6^2^ {x^''^^ / W z)Q ,^2r (xW / z) 

- Z^^e^2r{x^''z)e^2r{x'^''^^yz)e^2r{x^''~'^z/W)e,^2r{xwz)] ~^ 0. (4.32) 

Proof of main theorem Now let us start a proof of main theorem 4.2. We would like to show 

TB{z)\k)B = \k)B. (4.33) 

Multiplying the vertex operators ^(^~^'^t^'^)(^z) from the left, and using the inversion relation of 
vertex operators (2.25), we get a necessary and sufficient condition for ^u = 1, 2, • • • , A^ — 1, 

^'-''+^f"''\z)z^^~r''^h{z)[c - u][7ri^^ + c + u]\k)B 

= $(^+^"a-^)(z-1)^-^ V+7'^i/i(2-i)[c + u][7ri,^ + c-u]\k)B. (4.34) 

When we change variable z — t- z~^ in LHS, we get RHS. We will show (4.34), which has good 
symmetry. 
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• The case of ;U = 1. Using the free field reahzation of the vertex operators, we get LHS of 
(4.34) as following. 

e-^/^Qn/j(^)/j(^-i)[c_^][c + ^i]e-P-(^)+^-(i/^)|fc)B. (4.35) 

This is invariant under z — t- z~^ . Hence LHS and RHS coincide. 

• The case of ^ = 2. In this case the two theta relations (4.31) and (4.32) play important 
roles. Using the free field realization of the vertex operators, we get LHS of (4.34) for ^ = 2 as 
following. 

g-i/^Q.-2 c{T:x,2)zh{z)h{z-^)Q^2r {x'^" / z)e ^2r (x^^i'^+^'^z) 

'^^gi(uOu ®""'^'^^/^^®""'^'^'"'''~'/^'"^ c^-^^^+^-^^/^^+^-^"'^+^-(^/"'^|/;)B-(1.36) 
w D{z,w) 

where c{tti^2) is independent of w, z and we have set 

D{z,w) = {xzw;x'^^)oo{xz/w;x'^^)oo{xw/z;x'^^)oo{x/wz;x'^^)oo. (4.37) 

The integration contour encircles w = 0,x^~^'^^^z^^, {s G N) but not x~^~'^^^z^^, {s G N). Note 
that the operator part, 

gP_ (2)+P_ (l/z)+Rl {w)+Rl (!/«;) I ^^^ ^ 

and the function D{z,w) are invariant under {z,w) — )■ {l/z,w),{z,l/w),{l/z,l/w). We have 
LHS-RHS of (4.34) for ^ = 2 as foUowing. 

e-^^^^ci.,,)HzMz-^) i ^fl^ (4.38) 

J W L>(Z,W) 

X {ze^2r {x^yz)e^2r (x2^i'2+2c^)Q^^^ {xw/z)e^2r (x^'^'-^-^/zw) 

-z-'e,2r{x^'z)e,2r{x^^^'^+^yz)e,2r{xwz)e,2r{x^^^-^-'z/w))e''-^'^+''-^^/'^^^^^ 

where the integration contour encircles w = 0,x^'^'^'^^z , {s G N) but not w = x~^^'^^^ z , (s G 
N). The contour of integral is invariant under w — )■ w^^. Hence sufficient condition of 
LHS— RHS= becomes the following weakly sense relation. 

gi {w)w X (zG^2r {x^yz)e^2r (x2^i'2+2'=z)e^2. [x^'"''^-'^ /zw)e ^2r (xw/z) 

-Z~'^e^2r{x^^z)e^2r{x^^^'^'^^y Z)e^2r{x^'''-^-'^ Z/W)e^2r{xzw)) ~^ 0. (4.39) 

Using theta identity (4.31) for gi{w), we have the exactly the same relation as (4.32) for k = tti^2- 
We have shown the relation (4.34) for /x = 2. 
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• The case of /i = 3. Using the free field reahzation of the vertex operators, we get LHS of 
(4.34) for ^ = 3 as following. 



dwi f dW2 Qx2rixWl/ z)Q^2rix^'"^'''^'^ I ZWl)Qri.2r{xWlW2)G)x'^^{x'^^'^'^~'^'Wl/W2) 

■gi{Wl) <p g2{W2)W2- 



Wl J W2 D{z,Wl)D{wi,W2) 

^ ^P-{z)+P^{l/z)+Rl(wi)+RL{l/w^)+lii{w2)+lii{l/w2)^f^^^_ ^4_4Q) 

where c(7ri^3, 7r2,3) is independent oiwi,W2, z. The integration contour encircles w\ = 0, x^^'^'^^ z^'^ ^ (s G 
N) but not w\ = a:~^~^'"*z , (s G N). The integration contour encircles W2 = ^^x^^'^''^Wy , (s G 
N) but not W2 = x^'^^'^'^'^Wi , (s G N). Note that the operator part, 

^P-{z)+P-{l/ z)+R\{wi)+R\{l/wi)+B?_{w2)+R'L{l/w2)\^\ 

and the function D{z,wi)D{wi,W2) are invariant under 

{z,w^,W2)^iz^\w^\w^'),iz^\wf\w^'),iz^\wf\wt'),iz^\wf\w^'). 
We have LHS-RHS of (4.34) for ^ = 3 as following. 

e V -■ ^ ^c(7ri,3,7r2,3)n(2)n(2 )9 9 51(^^1) 92{w2)w2 

J J W\ W2 

X (ze^2r {x^yz)e,x2r (x2^i-=^+2^z)e^2. (xtt>i/z)e^2. (x^^i'^-i/^y^^) 
-z~^e^2.(x^"z)e^2.(x2^i-3+27z)e^2.(xu;iz)e^2r(x2^i-3-iz/u'i)) 

Ba,2r (xWltf 2)Ga,2r {x"^'^'^''^"^ Wl / W2) 

D{z,wi)D{wi,W2) 

^ ^P.{z)+P_{l/z)+Rl(wi)+Rl(l/wi)+Rl{w2)+Rl{l/w2)^j^^^_ (4_4j) 

Here the integration contour encircles wi = 0, x^^^''^z^^, (s G N) but not wi = x"^~'^''^z^^, [s G 
N). The integration contour encircles W2 = 0, x^'^'^^^w^ , (s G N) but not 'W2 = x"^~'^'^^Wi , {s G 
N). The integration contour is invariant under {wi,W2) — ?■ {wi, I/W2), {l/wi,W2), {l/wi, l/w2)- 
Hence sufficient condition of LHS— RHS= becomes the following weakly sense relation. 

9l {Wi)g2 {w2)w2Qx2r {xWiW2)Qx^r {x'^'^'^'^~^Wi/w2) 

X {ZQ x2r {X^" / z)<S)x2r{x^''^-'''''^''z)Qx2r[x^''^'''-'^ / ZWl)Qx2r{xWl/ Z) 

~z'^Qx2r{x'^^z)Qx2r{x'^^^''+'^yz)Qx2r{x^''^''''^z/wi)Qx2r{xzwi))-^^^ ^^ 0. (4.42) 
Using theta identity (4.32) for k = 7ri^3, the sufficient condition is reduced to the following. 

ffl(ti'l)52(ti'2)ti'2e,2.(x2-i-«+2c-l/^^)Q^^^(^2c+l^^)Q^^^(^^^^^)Q^^^(^2.2,3-l^^/^^) ^ Q_ 



(«'l.™2) 
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Using theta identity (4.31) for gi{w) the sufficient condition is reduced to the following. 

-tDi e^2r(x2^+=^^i-2-Vti;i)e^2.(x2^^-3+2c-i^^)0^^^ (^2^2.3-1/^^^2)6^2. (xti;2/ti'i))~j^4.a3) 

Using relation (4.31) for j = 2, we get exactly the same relation (4.32) with substitutions 
z — )■ w^ , w —7- W2, c ^ c + iTi^2 — \ and k — )■ 7r2,3. We have shown the relation (4.34) for fi = 3. 
• The case of general fi. Using the free field realization of the vertex operators, we get LHS of 
(4.34) for fi as following. 



" '''c(7ri,^,7r2,^,---,7r^_i,^) 



J .-I ^.J ,_o 



M-1 

Q^2r {XWI / Z)Q ^2r {x'^^'^-'^^^ /zWl) 1 [ Q ^2r [xWj ^lWj)Q ^2r [x ^^'t^~ Wj-l/Wj) 

i=2 



M-1 

D{z,wi)llD{wj_i 
i=2 



,Wj, 



^P^{z)+P^{l/z)+j:^I^{Rl{w,)+Rl{l/w,)) 



X ^^-K^n^-K'^/^n2^j=iK^-y'^3n^-y'^/'^3))il^\^_ (AAA) 

where c(7ri^^, • • • , vr^^i^^) is independent of 'Wi,'W2,- " ^w^^i, z. Here the integration contour 
encircles wi = 0,x^^'^'''^z^^, {s G N) but not wi = x~^~'^'''^ z^^ , {s £ N). For j = 1,2, •• • ,/U— 1, the 
integration contour encircles tWj+i = 0,x^^^^'^w- , (s G N) but not tfj+i = x~^~^^'^w- , (s G N). 
Note that the operator part, 

and the function D{z,wi)Y['jZ2 -^(^j-i;^j) are invariant under z — > z~^ or Wj — )■ wj , {j = 
1, 2, • • • , /u — 1). Hence we have LHS-RHS of (4.34) for general fi as following. 



e V r '5'>c(7ri,^,7r2,^,---,7r^_i,^)/i(z)/i(z ^) f ■ ■ ■ f JJ — ^ ]J 5rj(ti;j)^i'M-i 

■^ -^ ,=1 ^J- j=2 

X (ze^2r (x27z)e^2. (x2^i'^+2^z)e^2r {xwi/z)e^2r (x^^i'^^ V-z^^i) 

-2-^9^2. (x2^z)e^2. (x2^1'^+27z)G^2r {xWlZ)e^2r (x^^^'^ "^ z/tfl )) 

M-1 

TT Ba,2r(xi(;j_ii(;j)0^2r(x^'^J'f ^"^tfj_i/it;j) 

15(2:, uJi) Y[D{wj^i,Wj) 
i=2 
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Here the integration contour encircles wi = 0, x^^'^^^z^^, (s G N) but not wi = x^^^'^^''^z^^, {s G 
N). For j = 1, 2, • • • ,/i — 1, the contour of integral encircles ttJj+i = 0,x^~^^'^^w- , (s G N) but 
not Wj+i = x~^^'^^''^w- , (s G N). The contour of integral is invariant under Wj — )■ w~ , {j = 
1,2,- ■ ■ , fi — 1). Hence sufficient condition of LHS— RHS= becomes the following weakly sense 
relation. 

/I— 1 A*— 1 

X {zQ^2r {X^yz)e^2r {x^''^-^^^^ z)e ^2r {x^""^ • ^ ~^ / ZWl)e ^2r {xWl/z) (4.46) 

-z-'^e^2r{x^^z)e^2r{x^'''-^+^yz)e^2r{x^'''-^-^z/wi)e^2r{xzwi))-^^^ ^ ^ J 0. 

The next step is to show theta identity (4.46) of (^u — 1) variables wi,W2,- ■ ■ w^-i- We show it 
by induction. Using theta identity (4.31) and (4.32), the relation (4.46) is reduced to the weakly 
sense relation (4.47) for n = 2. Using theta identity (4.31) and (4.32) repeatedly, the relation 
(4.47) for ^ = 2 is reduced to the weakly sense relation (4.47) for 2 < i^ < fi — 1. 
/i— 1 M^i 

Y]_gj{Wj)Wf^-l JJ Q,j.2r{xWj^lWj)Q^2r{x''^-''-^~'^Wj-l/Wj) 

j=u j=i'+l 

X {w-^-^e,^2r{x'^''^'^'^^^-•'+^W^-l)e^2r{x'^''^'^^+^''-''+^/w^^l)e^2r{x'^''^'•^-^W^,^l/Wu^^ 

-W^-le^2r{x'^''^'-+^''-''+'^/w^,-l)e^2r{x'^''^'^^+^^-''+^W^-l)e,^2r{x^''^'^-'^/w^^lW^)Q,^^^ 

,0, (2<z.<^-l). (4.47) 

The relation (4.47) for i^ is reduced to those for ly + 1. The relation (4.47) for u = fi — 1 is the 
same as (4.32). Now we have shown the theta identity (4.46). Hence we have shown the identity 
(4.34) for general jj.. 
Q.E.D. 



We give a comment on a proof of the dual boundary state, 

B{k\Ti^\z)= B{k\. (4.48) 

Multiplying the vertex operators <1)*(^''^+'^m)(2) from the right, and using the inversion relation 
of vertex operators (2.25), we get a necessary and sufficient condition for 1 < /i < iV — 1, 

1 — 1 iV-l 1, 



B{k\z"2f7r ?'ri/i(2;)[c-u][7ri,^ + c + n]$*(z ^) 



r-l iV-1 f 1^ , 1 

- + 7:^1 h^-^ 



B{k\z~ — ^+r''ih{z-')[c + ii][7ri,^ + c - u]$* (z). (4.49) 
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As the same manner the above we can give a proof for the dual boundary state. We omit details. 
Here we note two useful relations of the dual boundary state. 



Proposition 4.11 
Proposition 4.12 



h{z)h*{z) 6^2r(x^'^z)6^2r(x 



„2c+27ri jv 



/z) 



[l<j<N-l). (4.50) 



(4.51) 



h{l/z)h*{l/z) e^2.(x27z)G^2.(x2c+2Tl,iV^)' 

The relation between the functions h{z) and h*{z) gives self consistency between the boundary 
state and the dual boundary state. 



5 Norm 

In this section we calculate the norm of the boundary state, 

B{k\k)B. 

The free field realization of e^ and e*^ are quadratic. Hence evaluation of the norm is reduced 
to the Gaussian integrals, which is possible to calculate. Let us set 



FJoo = [Z',X ,X joo, l^Joo = (^) 2; ,X joo- 



(5.1) 



Theorem 5.1 The norm B{k\k)B is evaluated by double infinite product. 



B{k\k)B 



C^2Af. J.2N 
N-1 



Af(iV-l) 



N-1 

n 

i=l 



V^ 



AN-2~2i. ^4N 



{ nr' 



4N+2-2i. rji-iN 



(,y.4N-2i. rr4N\ 
V-^ ) "^ Joo 



i{N-i) 



^^4N-2-2^J^^^m+2-2^^ 
li \ J^4N+2-2i\* /^4Af-2-2J| 



\ \{X 



n 

^<i<j<N 

N N-i 

nn 



JV i-1 

i=lj=l \ I 



[^4c+2ni^i+2ni, 



i{N-i) N N-i 

"' nn 



[x~ 



Lli l^-2+2i+2j} 
1.7 = 1 ^ ^ 



2+2i+2jl* N i-1 r^2N-2i+2j'\ 



i=lk=l 



X- 



2N-2i+2j] 



J I \X 
J oo 



b 



2r-4c+27V-2-27ri,,-27ri, 



,1* r^2jv+2.,,i r^ 

J oo L J oo L 



2A''+27r, . 



r2;4c+2+27ri,j+27ri,jl f^. 



2r-4c+2Af-2-27ri i-27ri 



j~l r^-^j.-r^-.j,, I 



^2Af+27r,- 



X 



2Af+27r, . 



l^-2r+4c+2+2j+4ni^i 


oo 


'y,2r-4c+2N-2+2j~-4TTi^i 


oo 


r2,-2r+4c+2+2j+47ri,il * \rr2r-4c+2N-2+2j~-4TTi^i'\ * 
\ L ' J oo L ' J oo 


U-2r+4c+2+2i+47ri,i" 


oo 


2,2r-4c+2Af-2+2i-47ri,i" 


oo 



^2r+4cH-2+2j+47ri,il 



\X 



2r-4c+2N-2+2j-4ni^i 
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N-1 i N-i I J AN+2r-Ac-2+2i-2j-2k-A-Kii\ J rr'iN-2r+Ac+2+2i-2j-2k+i-Ki a 

nTT TT / I"'' ' Joot-^ ' Joo 
li li \l f rr4:N+2r-4c+2+2i-2j-2k-4TTii+i\ f ^2N-2r+4c+6+2i-2j-2k+4TTi n 
i=l j=l k=l V t^ }oo\X j-oo 

/ t^4N~2r+4c+2-2i-2j-2k+4TTi^i+i | r2.6Af+2r-4c-2-2J-2j-2A:-47ri,i+i | 
^ '\ / r^4Af-2r+4c+6-2i-2j-2fc+47ri,i | r2.6A'+2r-4c+2-2J-2jr-2A;-47ri,i | 

/ r2,4Af+2r-4c+2+2J-2j-2fe-47ri_i+i|* r3,2Af-2r+4c+6+2J-2j-2fe+47ri_i|* 



|^4W+2r-4c-2+2i-2j-2fc-47ri,a* r^2W-2r+4c+2+2J-2j-2fc+47ri,a * 



/ r^4Af-2r+4c+6-2i-2j-2fc+47ri,i|* r2;6Af+2r-4c+2-2J-2j-2A:-47ri,i|* 
^ y |2,4iV-2r+4c+2-2J-2j-2A:+47ri,i+i|* f^6N+2r-4c-2-2i~2j~2k-4Tri^i+i\* ' 

(5.2) 

In what follows we explain how to calculate the norm B{k\k)B- We calculate it by using 
a decomposition of the identity on Fi^k which employs coherent state. We define the coherent 
state 

16 • • • iN~i) = exp J^ J^ m \(r-l)m\ ^^^"^^"'"^ ''' ^^' ^^"^^ 

(6 • • • c'^-ii = (/, k\ exp ( E E ^ rr. -Till J ^("^)< 1 • (^-4) 

\ m>0 j: 

The actions of the boson a\^ are given by 



-^ m[{r — l)ra\ 



N-i r. 1 

<\ii ■ ■ ■ e^-i) = E 4^0Miei • • • Civ-i), (5.5) 

(6 • • • ^N-i\ai^ = (6 • • • e^v-ii E n^^^-M- (5.6) 

j = l 

The action of the bosons /3^ on the coherent state are given by 

l3i\^i--<N^i) = UmMi---CN^i), (5.7) 

I^Ll^i ■ ■ ■ ^N-i) = (-x*™6-i(m) + x(^"^)™e.(m))lei • • • Cn-i), (2 < ^ < iV - 1), (5.8) 
(6 • • • Civ-i |/3i„. = 6 (H (6 • • • ^N^i I , (5.9) 

(6 • • • eiv-i|/3i™ = (x(-*+i)'"^",(m) - x-^"^eVi(m))(ei • • • |jv-i|, (2 < i < A^ - 1). 

(5.10) 

Using the following Gaussian integral, 

' m>0 \ ~ m>0 \ sm / m>0 



( ^ E — '^nArjBrr] , (5.11) 



1 

exp 



n„>oV^det(A 
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we conclude that the identity on J^i^k is decomposed by fohowing. 

•^ /■" TT rr' 1 M+JMiMi,, i u^- ( \ 



m>0 j- 



y m>Oj,fc=i y 

Inserting this decomposition of the identity between e and e , we find 

B{k\k)B = {k,k\e^e^\k,k) 

N-l 



P -TT T-r 1 [{j + l)mUrml ^^ - 



m>0 J: 



Af-1 



X -P -^ E E ;^ r' 1 tyl!i (^^.■Mg^(-) - -^^%M6(-) - 0M6M) 



+ E E ^(Y,im)C,im)+X,im)^,im)) ] , (5.13) 

m>0 

where we have set 



m 

Tn>0 j=l 



Yj{m) = x^"'{x~"'Ej{m)-x"'Ej+i{m))) 

ryNm 



[{r 



— ^([(r -2C + N-J-2- 2^ij+i)m]^ + [(-r + 2c - TV + j + 2^ij)m], 
l)m\x 



/ x^"[m/2].[rm/2]+ \ 
+ 6l„ — -^ , 5.14 

^— ^([(-r + 2c - i + 2^ij+i)m]^ + [(r - 2c + j - 2 - 2^ij)m]^) 



[(r- 

[m/2]^[rm/2]- 



[(r - l)m/2], 
Here we read Dj\[(m) = Ej\f(m) = 0. 
Let us repeat Gaussian integral (5.11), we get formulae without integrals in proposition. 

Proposition 5.2 The norm of boundary states is written by infinite product. 

B{k\k)B 



(5.15) 






1 [(r - l)m]^ 



(^27V. 3.27V)— \ rr, "^ a;2^™ - 1 [''"^l^r [A^mJ^H 



^-1 / ^2Nm 

X 



^-1 / ^2Nm 1 \ 

J] [jm],[(iV - j)m]^ l——Xj{mf + -y,-(m)2 - X,{m)Y,{m)\ (5.16) 
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+ Yl iMx[{N - l)mUx^^"'Xj{m)Xi{m) + Yj{m)Yi{m) - X,{m)Yi{m) - Y,{m)Xi{m)) 

l<j<l<N~l 
Here Xj{m) and Yj(m) are given by (5.15) and (5.14)- 

At first glance, the norm _b(^|^)_b is evaluated by 

('^.„2Af 2N 2r 2r* \ 

After some calculations, cancellations occur. In order to write the norm B{k\k)B, we need only 

/ . 2N 2r\ f . 2N 2r* \ 

Here we omit detailed calculations. 
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A Some formulae 

In this appendix we summarize some formulae. 



^ ^ ' Z^ 2m IrmUNm]^ 

^-^^ m \rm\x\ly m\x \ ^-^ 



\oggj{z) = -^ 



1 [(r-l)m]^(x™ + x-'") _2„ 



2m \rm\ 

m>0 '- -' 



Z 



^ ^ J_ [(r lV]^ ^-,m(^r»^.(^) _ ^-»^D (^))^^m^ (i = l,2,...,iV-2), 

^-^ m \rm\r 

m>0 ^ ' 

^ 2m [rm\x 

m>0 

^-^ m \rm\r 

m>o '■ ' 



log /.*(.) = _Y^J_ iir-l)mUKN-l)m]x ^_,^ 
^-^ 2m [rm\x[I\ m\x 
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+ E 



1 [(r - l)m]x[m]xX' 
m [rm]x[Nm]x 



-Nm /N~l 



E^'^( 



mj z 



^og g*{z) 



y 1 [(r-l)m].(x" + x-'") ^„2^ 



m>0 



2?Ti 



r?Ti 



^ ^ J_ [(r 1)^]^ ^0-A^)n^(^n^j^ (^) _ ^-i^.(^)),-, (j = l,2,...,N- 2), 



m>0 



m [rm\x 



log ff^-ll^) 



V- 1 [(r-l)m]^(x"' + x"'") ^_2^ 



m>0 



2m 



rm 



Y, -^^^^^-^^x-^^EN-iim)z-"'. 



m>0 



m rmU 



B Physical Interpretation 

In this appendix we explain a physical interpretation of our problem. In main text of this paper 
we use no picture. In this appendix we give graphical definition of various quantities of our 
problem. We present an ordered pair (6, a) G P^ as FIG.l. 



FIG.l. Ordered pair 



For admissible pair (a, g, h, /) G P^ we present the Boltzmann weight functions W 



by FIG.2. 



/ 




FIG.2. Boltzmann weight 



h f 



9 a 
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In what follows we consider the restricted path a G P^^n- 

For admissible pair (a, 6, g) G P^ we present boundary Boltzmann weight function K 

by FIG.3. 
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FIG.3. Boundary Boltzmann weight 

In what follows we consider a G P^-N' Using the Boltzmann weight functions W and the 
boundary Boltzmann weight functions K, we introduce two dimensional solvable lattice model, 
which we call the boundary Uq^p{Aj^_^) face model. We fix parameters A^ = 2, 3, 4, • • •, < x < 1 
and r > A^ + 2, (r G N). We fix a continuous parameter c in the boundary Boltzmann weight 
function as < c < 1. In what follows we consider infinite product of the Boltzmann weight 
functions W and the boundary Boltzmann weight functions K in the Regime III : < u < 1. 
The boundary Uq^p{A'^_^) face model defined by FIG.4. 
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FIG. 4. Boundary face model 

In order to consider the boundary Uq^p{Aj^_-^^) face model, we divide it into some parts. For this 
purpose we prepare the space Tii^k, on which the operators act. Following the general scheme 
of algebraic approach in solvable lattice models, we consider the corner transfer matrix A^^'{u) 
which represent north-west quadrant as FIG. 5. 





y 


. " , 






u 


. u , 




i 


. U , 


. u , 


. " , 




i 


. U , 


. U , 


. u , 


. " , 


y 


. U , 


. U , 


. U , 


u 


. u , 


U , 


. U , 


. U , 


. U , 


. u , 


. " , 



mM 



m2 



nil 



Im 



h U 



FIG. 5. Corner transfer matrix 



In the large lattice limit M — t- oo, apart from a divergence scalar, the corner transfer matrix 
yl(")(u), (a G P^_n) is of the form 

where the operator H is independent of u. The spectrum of H is given in [10]. Let us set the 
space T-Li^ki where 

I = b + p, k = a + p, 

the space spanned by the eigenvectors of A^^> (u) with the asymptotic boundary condition (6, 6 + 
uji,b + u!2, ■ ■ ■ ,b + WAf^i) given by the choice of 6 G P^_i_i^- 
Let us set the vertex operator $]^^'"^ (— u) by FIG. 6. 



29 



<'"^^(-n) 
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FIG. 6. Vertex operator 



The vertex operator ^)^' '''^ (u) is an operator 
Let us set the vertex operator <^J^^'"^ (u) by FIG. 7. 



7^ 



«,fc- 
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FIG. 7. Vertex operator 



The vertex operator <I>^ ^'^'"' (u) is an operator 



$ 



{a+ef,,a) 
W ' 



u) :7^ 



Lk 



n 



l,k+efi- 



The vertex operators <I>]^^'"^ (u) and <5^^'"^ (u) satisfy the following commutation relations (1), 

(2) and (2'). 

(1) Commutation relation : 



^'^'\n,)^M^U2) = E^ 



9 
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U2-Ui] <P^'''9)(u2)^^3''^Hui), 
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(2) Inversion relation : 



(2') Inversion relation : 



^^^'\z)'^%''\z) = 5a,,. 



Y^^%'^\z)^^^'\z) = 6.,. 



Let us set the infinite transfer matrix Tn" (u) by 



N 






a + e 



M 



a 


\ 




u 


a 


J 



<I>i^+^"-«)(n) 



The infinite transfer matrix Tjj [u) is an operator 



.ia), 



n^'M-.-HLk^nik- 



The infinite transfer matrix T^ {u) is given by FIG. 8 at the same time. 
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FIG. 8. Boundary transfer matrix 



Because of the commutation relations of the vertex operators and the boundary Yang-Baxter 
equation, we get the commutativity of the infinite transfer matrix T^' (u). 

In this paper, we are interested in the ground state. The boundary Uq,p{A^^_-^) face model 
is given by infinite product of the infinite transfer matrix T^ (u). We figure out the ground 



31 



{«), 



state of the problem in the infinite transfer matrix Tg (u) . Note that we consider the case 
< c < 1, < ai^fj_ < r. In the Hmit x — )■ 1 we have 



/ 
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a + ei 
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\ 



a + e 



fj- 
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/ 



(m/1) 



Therefore, the ground state configuration is given by following figure. Asymptotic boundary 
condition should be 6 = a. The ground state is given by FIG. 9. 

a + U4 a + U3 a + UJ2 a + uji a a 
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a + u)4 a + u)3 a + UJ2 a + uji 



FIG.9. Ground state 



Hence, in what follows, we consider the space Tii^k for I = k = a + p. 



T-Lk^k- 



Let us set the boundary state |/c)b by the half infinite plane figure : FIG. 10. 
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a + 0J2 a + cji 



FIG. 10. Boundary state 



The boundary state \k)B and the infinite transfer matrix Tj^ (u) satisfy the following relations 
Let us set the dual boundary state b(/c| by the half infinite plane figure : FIG. 11. 
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FIG. 11. Boundary state 



-.(a). 



The dual boundary state B{k\ and the infinite transfer matrix T^ (u) satisfy the following 
relations. 

For /c = a + /9, / = 6 + p, if we set 

B 



T^^{u) = Tb{z) 



the above relations in the appendix are satisfied by the free field realizations on the Fock space 
Tk^k- However this is not perfect identification because the space T-Lk,k and the space J-k,k have 
different characters. We expect BRST cohomology of the certain complex consisting of the space 
J-i^k provides the correct identification of the space T-Li^k [18, 13, 16]. Upon this assumption, this 
appendix gives the physical interpretation of the main text. 
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